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In order to probe a possible time variation of the fine-structure constant (α), we propose a new
method based on Strong Gravitational Lensing and Type Ia Supernovae observations. By considering
a class of dilaton runaway models, where ∆α
α
= −g ln (1 + z) (g captures the physical properties of
the model), we obtain constraints on ∆α
α
at the level of g ≈ 10−2. Since the data set covers the
redshift range 0.075 ≤ z ≤ 2.2649, the constraints derived here provide independent bounds on a
possible time variation of α at low, intermediate and high redshifts.
PACS numbers: 98.80.-k, 95.36.+x, 98.80.Es
I. INTRODUCTION
The Hypothesis of Large Numbers (HLN), proposed
a long time ago by Paul Dirac in Ref. [1], has opened
possible approaches associated with a variation of the
constants of nature. An early investigation addressed
the gravitational constant (G), as main result, a possi-
ble temporal dependence of G was ruled out in Ref. [2].
he HLN has gained a lot of attention with the advance
of the many experimental breakthroughs and, in the last
decades, the Dirac’s hypothesis has been tested in many
physical contexts, e.g. by using geological evidence, no
variation in G was also found by investigating the effects
on the evolution and asteroseismology of the low-mass
star KIC 7970740 [3], considering the Earth-Moon sys-
tem, experiments have provided an upper bound, such
as G˙/G = 0.2 ± 0.7x10−12 per year [4]. From the string
theory and other theories of modified gravity standpoint,
on the other hand, G assumes a variable gravitational
constant, being a derived parameter [5, 6]. Moreover,
due to the possibility of dynamical constants, including
other fundamental constants, some theories based on ex-
tra dimensions have also been discussed [7–9]. It is im-
portant to stress that the General Relativity discards a
dynamical fundamental constant due to the violation of
the Equivalence Principle [10].
Yet, some observational measurements have been con-
sidered to investigate a possible variation of the fine-
structure constant (α = e2/~c, where e the elementary
charge, ~ the Planck’s constant, and c the speed of the
light, respectively). The absorption spectra of quasars,
for instance, has been used to explore a possible cosmo-
logical time variation of α [11–16]. The constraints on
the magnitude of a possible time variation of α are also
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obtained through other observational techniques, e.g.,
the rare-earth element abundance data from Oklo [17].
More recently, by using the physics of the cosmic mi-
crowave background (CMB), it was possible to use CMB
anisotropies in order to test models with varying α. From
the Planck satellite [18, 19] data, experiments of South
Pole Telescope [20, 21] and Atacama Cosmology Tele-
scope [22], it was obtained that the difference between
the α today and at recombination is δα/α ≤ 7.3 × 10−3
at 68% Confidence Level [23–32]. However, this limit
obtained from the CMB physics is inferred considering
a specific cosmological model (flat ΛCDM), being weak-
ened by opening up the parameter space to variations
of the number of relativistic species or the helium abun-
dance. Indeed, the effects of a spatial variation of α on
the CMB spectrum can be found (see e.g. [33] and ref-
erences therein). A possible time variation of the fine
structure constant also can be explored during the Big
Bang nucleosynthesis (BBN)[34], as well as in the con-
text of a supermassive black hole in the Galactic Center
with a high gravitational potential, which used the data
of late-type evolved giant stars from the S-star [35].
Particularly, the low-energy string theory models pre-
dict the existence of a scalar field called dilaton, a spin-
2 graviton scalar partner [36, 37]. In this context,
the runaway of the dilaton towards strong coupling can
lead to temporal variations of α. This possible varia-
tion/evolution of the fine-structure constant at low and
intermediate redshifts can be given by [16]
∆α
α
≈ − 1
40
βhad,0φ
′
0 ln (1 + z) ≈ −g ln (1 + z), (1)
where βhad,0 is the current value of the coupling be-
tween dilaton and hadronic matter, and φ′0 is defined by
∂φ/∂ ln (a) measured today. The dilaton runaway mod-
els and chameleon models has not been completely ruled
out by the experiments that test violations on the weak
equivalence principle [16, 38–40].
Constraints on the dilaton Runaway Model by using
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2Galaxy clusters measurements have been proposed in or-
der to probe a possible temporal variation in α (see also
the Ref.[41] for other contexts). The Ref. [42], for in-
stance, introduced a method capable of probing a possi-
ble variation in α only by using Galaxy Cluster (GC) gas
mass fraction measurements. The constraint obtained in
g ≡ 140βhad,0φ
′
0 was g = 0.065± 0.095 (1σ c.l.). By using
angular diameter distance of GC and luminosity distance
of type Ia supernovae, a possible temporal variation in α
was also investigated, being obtained g = −0.037±0.0157
at 1σ c.l. [43]. Several other tests capable of probing α
with galaxy cluster data have been emerging since then
(see e.g. [44, 45] and references therein).
In this work, by assuming a flat universe, it is discussed
by the first time the role of the Strong Gravitational
Lensing (SGL) on a possible temporal variation of the
fine-structure constant. The method is performed by us-
ing combined measurements of SGL systems and Type Ia
Supernovae (SNe Ia). This new approach used 95 pair of
observations (SGL-SNe Ia) covering the redshift ranges
0.075 ≤ zl ≤ 0.722 and 0.2551 ≤ zs ≤ 2.2649. These
data are considered in order to put limits on the g pa-
rameter, considering dilaton runaway models (see Eq.1).
The approach developed here offers new limits on the
g parameter using observations in higher redshifts than
those from galaxy clusters (z ≈ 1). In the following, the
work is organized as follows: in section II we describe
the method developed to probe ∆α/α and other pecu-
liarities; in section III we describe the data used for the
purpose, while in section IV contains the analysis and
discussions; and finally, in session V, the conclusions of
this paper.
II. METHODOLOGY
A. Strong Gravitational Lensing Systems
Strong gravitational Lensing systems, one of the pre-
dictions of GR [46], have recently become a powerful
astrophysical tool capable of investigating gravitational
and cosmological theories, measuring various cosmolog-
ical parameters and investigating fundamental physics.
For example, time-delay measurements of gravitational
lensings can be used to measure the Hubble constant [47],
and the Cosmic Diameter Distance Relation (CDDR)
[48]. Other statistical properties of SGL can restrict the
deceleration parameter of the universe [49], space-time
curvature [50, 51], also departures of CDDR [52, 53], the
cosmological constant [54], the speed of light [55], and
others. It is a purely gravitational phenomenon that oc-
curs when the source (s), lens (l), and observer (o) are at
the same signal line forming a structured ring called the
Einstein radius (θE) [56]. In the cosmological scenario,
a lens can be a foreground galaxy or cluster of galax-
ies positioned between a source-Quasar, as a lens, the
multiple-image separation from the source only depends
on the lens and source angular diameter distance.
However, the system depends on a model for mass dis-
tribution. On the assumption of the singular isothermal
sphere (SIS) model, the Einstein radius θE is given by
[46]
θE = 4pi
DAls
DAs
σ2SIS
c2
, (2)
where DAls is the angular diameter distance of the lens
to the source, DAs the angular diameter distance of the
observer to the source, c the speed of light, and σSIS
the velocity dispersion caused by the lens mass distri-
bution. It is important to note here that σSIS is not
exactly equal to the observed stellar velocity dispersion
(σ0) due to a strong indication, via X-ray observations,
that dark matter halos are dynamically hotter than lumi-
nous stars. Thus, taking this fact into account, a purely
phenomenological free parameter is introduced: fe
1, that
is, σ2SIS = feσ
2
0 , where
√
0.8 < fe <
√
1.2 (see details in
[57]). However, fe is treated as a free parameter in our
analysis.
A method developed by Holanda et al. (2017) [58] pro-
vided a powerful test for the CDDR using SGL systems
and SNe Ia. The method is based on equation (2) for
lenses and an observational quantity defined by
D ≡ DAls
DA
=
θEc
2
4piσ2SIS
. (3)
By assuming a flat universe with the comoving distance
between the lens and the observer as rls = rs − rl [59],
and using the relations rs = (1+zs)DAs , rl = (1+zl)DAl ,
rls = (1 + zs)DAls , it is possible to obtain
D = 1− (1 + zl)
(1 + zs)
DAl
DAs
. (4)
By assuming possible departures of CDDR through
DLD
−1
A (1 + z)
−2 = η(z), the previous equation can be
rewritten by
D = 1− (1 + zs)
(1 + zl)
DLl
DLs
η(zs)
η(zl)
. (5)
However, it is important to stress that the method pro-
vided by [58] did not investigate a possible variation of
the fine structure constant on SGL observations. Fur-
thermore, as shown in [60–62], for some class of models
a variation of α necessarily leads to a violation of the
CDDR.
Here, we extend the method proposed in [58] in order
to investigate the effect of varying α and the departure
1 This parameter takes into account systematic errors, and/or even
unknown intrinsic errors for addressing σ0 instead of σSIS .
3of CDDR. Thus, by the definition of the fine structure
constant, α = e2/~c, the equation (3) becomes
D ≡ DAls
DAs
=
e4θE
4piα2~2σ2SIS
. (6)
B. Theoretical Model
In the modified gravity theories, which is associated
with the presence of a scalar field with non-minimal
multiplicative coupling to the usual electromagnetic La-
grangian, the entire electromagnetic sector is modified
[60–62]. Hence, the fine-structure constant and the cos-
mic distance duality relation should change with cosmo-
logical time, and both are intimately and unequivocally
related to each other by
∆α
α
≡ α(z)− α0
α0
= η2(z)− 1. (7)
If we consider α(z) = α0φ(z), where α0 is the current
value of the fine-structure constant, and φ(z) a scalar
field that controls the variation of α, the relation (7)
gives φ(z) = η2(z). Thus, the equations (5) and (6) can
be rewritten, respectively, by:
D = 1− (1 + zs)
(1 + zl)
DLl
DLs
(
φ(zs)
φ(zl)
)1/2
, (8)
and
D =
e4θE
4piα20~2σ2SIS
φ−2(zs) = D0φ−2(zs), (9)
where D0 ≡ e4θE/4piα20~2σ2SIS . The procedure makes D
much more homogeneous for the lensing sample located
at different redshifts. Therefore, combining the equations
(8) and (9) it is possible to obtain
D0φ
−2(zs) = 1− (1 + zs)
(1 + zl)
DLl
DLs
(
φ(zs)
φ(zl)
)1/2
. (10)
C. Luminosity Distance
Now, let us consider the pair of luminosity distances
for each SGL system, which is obtained from the SNe
Ia sample called Pantheon [63]. It is worth to mention
that this is the most recent wide refined sample of SNe
Ia observations found in the literature. The compilation
consists of 1049 spectroscopically confirmed SNe Ia and
covers a redshift range of 0.01 ≤ z ≤ 2.3. However,
to perform the appropriate tests, it must be used SNe
Ia at the same (or approximately) redshift of the lens
system. Thus, for each lens system, it is necessary to
make a selection of SNe Ia according to the criterion:
|zs − zSNe| ≤ 0.005 and |zl − zSNe| ≤ 0.005. Then, we
perform the weighted average by for each system by [58]:
µ¯ =
∑
i µi/σ
2
µi∑
i 1/σ
2
µi
, (11)
σ2µ¯i =
1∑
i 1/σ
2
µi
, (12)
where µi(z) is the distance module of SNe. Hence, the
luminosity distance follows DL(z) = 10
(µ¯−25)/5 [Mpc],
and its error is given by error propagation, σ2DL =
(∂DL/∂µ¯)
2σ2µ¯ [64] (see Figure 1).
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FIG. 1: Luminosity distances of spectroscopically confirmed
SNe Ia from Pantheon compilation.
III. SAMPLES
For our analysis, we consider a subsample built from
two compilation of SGL systems. The first compilation is
composed of 118 SGL from the Sloan Lens ACS, BOSS
Emission-Line Lens Survey (BELLS), Lenses Structure
and Dynamics Survey (LSD), and Strong Legacy Survey
SL2S [65]. The lens mass is assumed to be spherically and
symmetrically distributed, covering redshift intervals of
0.075 ≤ zl ≤ 1.004 and 0.20 ≤ zs ≤ 3.60. The second
compilation consists of 34 new SGL systems pre-selected
by [66]. In fact, this sub-sample is obtained through a
careful analysis: 7 reliable BELLS data by [67]. Actually,
there are 17 SGL systems provided by [67], but ten sys-
tems were excluded for presenting unknown systematic
errors; and 27 SLACS data by [68]. There are 40 new
SGL systems provided by Ref. [68], but only 27 systems
have been carefully studied with χ2red ≈ 1 achieved (see
Table 1 in [66]).
40.5 1.0 1.5 2.0
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FIG. 2: The D0 data related to the source redshift from SGL
samples for each system considered.
We consider the general approach to describe the lens-
ing systems: the one with spherically symmetric mass
distribution in lensing galaxies in favor of power-law in-
dex γ, ρ ∝ r−γ (Power law model - PLAW model hence-
forward). This kind of model is important since recent
several studies have shown that slopes of density profiles
of individual galaxies show a non-negligible scatter from
the SIS model [69]. Under this assumption, part of the
equation (9) is written by:
D0 =
e4θE
α20~24piσ2ap
f(θE , θap, γ), (13)
where f(θE , θap, γ) is a complex function which depends
on the Einstein’s radius θE , the angular aperture θap,
used by certain gravitational lensing surveys, and the
power-law index γ. If γ = 2, it resumes the SIS model. In
this paper, the factor γ is approached as a free parameter
2The uncertainty related to quantity (13) is given by:
σD0 = D0
√√√√4(σσap
σap
)2
+ (1− γ)2
(
σθE
θE
)2
. (14)
Following the approach taken by [73], Einstein’s radius
uncertainties follow σθE = 0.05θE (5% for all systems)
and σSIS = feσap.
Therefore, the complete sample consists of 152 SGL
systems covering a wide range of redshift. However,
not all the SGL systems have the corresponding pair of
luminosity distances via SNe Ia that obey the criteria
|zs−zSNe| ≤ 0.005 and |zl−zSNe| ≤ 0.005. By excluding
these systems, we ended up with 95 pairs of observations
(SGL-SNe Ia) in our analysis, which cover ranges of red-
shifts 0.075 ≤ zl ≤ 0.722 and 0.2551 ≤ zs ≤ 2.2649 (see
Figure 2).
2 This method is widely used in the literature [70–72].
Data set g
Gas Mass Fractions∗ [42] +0.065± 0.095
Angular Diameter Distance∗ plus SNe Ia [43] −0.037± 0.157
Gas Mass Fractions∗ plus SNe Ia [44] +0.008± 0.035
Gas Mass Fractions∗ plus SNe Ia [44] +0.018± 0.032
Gas Mass Fractions∗ plus SNe Ia [44] +0.010± 0.030
Gas Mass Fractions∗ plus SNe Ia [44] +0.030± 0.033
YSZD
2
A/YX scaling-relation
∗ [75] −0.15± 0.10
This work −0.013+0.08−0.09
TABLE I: A summary of current constraints on a possible
time evolution of α for a class of dilaton runaway models
(∆α/α = −g ln (1 + z)) by using galaxy cluster observations
and SNe Ia measurements jointly with that obtained in this
work. The symbol * denotes galaxy cluster data.
IV. ANALYSIS AND DISCUSSIONS
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FIG. 3: Posterior probability distribution of free parameters
g, γ, and fe for PLAW model. The red color represents an-
alyzes without intrinsic error and the blue color represents
analyzes with an intrinsic error.
We used Markov Chain Monte Carlo (MCMC) meth-
ods to calculate the posterior probability distribution
functions (pdf) of free parameters [74]. The analysis con-
sists on the general case, PLAW model, where the free
parameter space is Θ = (g, γ, fe). Thus, the likelihood
distribution function is given by:
L(Data|Θ) =
∏ 1√
2piσµ
exp
(
− 1
2
χ2
)
, (15)
where
5χ2 =
(
D0 − φ2(zs)Y
σT
)2
, (16)
Y ≡ 1− (1 + zs)
(1 + zl)
DLl
DLs
(
φ(zs)
φ(zl)
)1/2
, (17)
and
σT = (σ
2
D0 + σ
2
Y )
1/2 (18)
the associated error. The pdf posteriori is proportional
to the product between the likelihood and the prior,
P (Θ|Data) ∝ L(Data|Θ)XP0(Θ). (19)
In this analysis, we assume an informative prior: −1.0 ≤
g ≤ +1.0; 1.5 ≤ γ ≤ 2.5; √0.8 ≤ fe ≤
√
1.2.
In Figure 3, the results considering PLAW Model are
plotted. In this case, not only the fine-structure con-
stant is constrained, but the power-law index γ, and
the parameter fe are restricted as well. We obtain at
1σ (68.3%): g = −0.067+0.06−0.07, γ = 2.003+0.06−0.06, fe =
1.012+0.03−0.03 with χ
2
red ≈ 2.215 (see red contours). This
χ2red indicates the presence of an unknown intrinsic er-
ror. We estimate this intrinsic error to be approximately
15%. Hence, taking it into consideration, it is possi-
ble to obtain: g = −0.013+0.08−0.09, γ = 1.915+0.08−0.07, and
fe = 1.057
+0.05
−0.05 at 1σ with χ
2
red ≈ 1 (see blue contours).
Table I shows bounds on g derived in this paper along
with other recent constraints obtained from galaxy clus-
ters and SNe Ia observations. As one may see, our results
are in full agreement with the previous ones from galaxy
clusters plus SNe Ia analyses and indicate no significant
variation of the fine structure constant α.
V. CONCLUSIONS
The search and understanding of a possible temporal
or spatial variation of the fundamental constants of na-
ture have become important in recent years due to the
possibility of a new and fascinating physics waiting to be
discovered. In this paper, a new technique was proposed
to investigate a possible time variation of the fine struc-
ture constant, such as α(z) = α0φ(z) by using recent
measurements of SGL systems and SNe Ia observations.
A possible time variation of α was investigated in a class
of runaway dilaton models, where φ(z) = 1− g ln(1 + z).
As we have already discussed, considering the general
spherical isothermal model with power-law index (ρ ∝
r−γ) describing the mass distribution in lensing galax-
ies in the SGL systems, the following constraints have
been performed, i.e, g = −0.067+0.06−0.07 and γ = 2.003+0.06−0.06
with χ2red ≈ 2.215. In addition, by using an intrinsic
error on the SGL data (≈ 15%), it was possible to ob-
tain: g = −0.013+0.08−0.09 and γ = 1.915+0.08−0.07 with χ2red ≈ 1.
These results are in full agreement with the standard
cosmology. Finally, although SGL systems data not to
be competitive with the limits imposed by quasar ab-
sorption systems, the constraints imposed in this paper
provide new and independent limits on a possible time
variation of the fine structure constant.
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